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The discrete variable representation ͑DVR͒ 1 has been widely applied in many theoretical calculations ranging from bound-state studies of large molecules with weak bonds 2 to quantum studies of gas-phase reactive scattering. 3 The most important advantage of a DVR is that the potential is diagonal. A second major advantage of multidimensional direct product DVR's is that matrix-vector products ͑i.e., H⌿͒ scales as n dϩ1 if there are n basis functions ͑DVR points͒ in each of d dimensions. 4 This has played a critical role in the recent benchmark four-atom chemical reaction study. 5 Traditionally, a DVR, defined by an orthogonal transformation from a finite set of basis functions could only be found for a one-dimensional basis or a multivariable directproduct basis set. Attempts to define DVR's for non-directproduct bases such as the spherical harmonic functions Y j m (,) were not very successful. 6, 7 The underlying difficulty is the noncommutation of the matrix representations of each angle in any finite non-direct-product basis set. For instance, although the two coordinate operators, and commute with each other when represented in an infinite basis set of spherical harmonic functions, they never do so in countable spherical harmonic basis representations. Therefore it is unlikely to find an orthogonal transformation to convert a finite spherical harmonic basis set to a representation in which both the and are highly localized. The consequence of this is that problems with one or more angular momentum operators have usually been represented in coupled angular bases for which the H⌿ operation is substantially more costly ͑even though the basis may be smaller͒. Corey and Lemoine 8 defined a generalized directproduct DVR using more points than spherical harmonics and Corey and Tromp 9 showed more recently that the use of the pseudospectral transform restored the variational character of such a basis. The pseudospectral transform in this procedure is not a direct product form.
We show in this paper that two direct-product DVR's for spherical angles, and , can be defined and used directly, albeit with quadrature errors. The first is that implicitly used by Corey and Lemoine. 8 These bases are not related to spherical harmonics by an orthogonal transformation, and therefore the angular momentum operators are not represented exactly in the DVR's. However, we show first that the eigenvalues of the angular momentum operator converge in these direct DVR bases ͑even though some of the matrix elements may diverge in the function basis.͒ We then use these bases in the four-dimensional problem of dissociation of H 2 on a ͑flat͒ Cu͑111͒ surface. The use of these bases with the split exponential propagation of the wave packet is advantageous and the convergence is rapid.
In scattering, the Hamiltonian usually includes angular momentum operators and spherical harmonic functions ͑or combinations thereof͒ are the asymptotic eigenfunctions. We symbolically write down the Hamiltonian of a diatomic molecule colliding with a metal surface, 10 HϭH 0 ϩ ĵ 2 2r 2 ϩV, where H 0 is the part of the Hamiltonian including all the degrees of freedom except and , ĵ is the angular momentum operator, r is the interatomic distance, is the reduced mass, and V is the potential-energy surface. In any method of solution which requires operation of the Hamiltonian on a vector such as propagation by the split operator method, it is highly advantageous to operate sequentially by the components of the Hamiltonian in a direct product basis. We therefore first examine the consequences of taking a direct product basis in the spherical angles for the representation of the j 2 operator. Since the potential V is usually complicated and system dependent while the operator ĵ 2 has a simple analytic form, one would rather use a direct product basis set in which the potential V is diagonal but perhaps ĵ 2 is not. For example, in such a representation it is easy to treat terms of the split exponential operator such as e Ϫi(1/2r 2 ) ĵ 2 (⌬/2) and e ϪiV⌬ . In this case instead of the full potential matrix only the much smaller direct product representation of ĵ 2 is necessary. The representation of ĵ 2 in a direct product is accomplished by using separate representations in and for the respective differential operators of ĵ 2 . We separate the -dependent term from ĵ 2 as follows,
The differential operator in has e im ͑m integer͒ as eigenfunctions so we use a Fourier grid representation in as one component of the direct-product DVR. We will examine two possible DVR's in . Since the Legendre polynomials P j 0 (cos ) are eigenfunctions of ĵ 0 2 , one direct product DVR is the standard Legendre DVR in and the Fourier basis in . An alternative DVR in can be constructed from the Radau quadrature which is similar to the Gauss-Legendre DVR except that one end point is included. We then take the two-dimensional ͑2D͒ basis as the direct product of the Legendre DVR or the Radau DVR and the Fourier grid representation in . In either direct-product representation, the potential matrix V is assumed to be diagonal and is directly evaluated on the DVR points.
In the direct product basis ͑using the Fourier basis for and either DVR for ͒ the second term of ĵ 2 is diagonal, yielding diagonal blocks of the operator for each m:
which have exact eigenvalues j( jϩ1), jуm. However, the construction of the representation of the ĵ 2 operator in the DVR for must be discussed in more detail. Since Legendre polynomials P j 0 (cos ) are nonzero on both ends of the interval, cos͑͒ϭ1 or Ϫ1, the matrix elements of ĵ 2 evaluated exactly in the Legendre polynomial representation diverge for m 0. However, the matrix elements of ĵ 2 in the Gauss-Legendre DVR are all finite because all the DVR points in cos are interior points, i.e., the denominator of the second term is always evaluated at points at which 1/(1Ϫcos 2 ) is finite. This implies that for m 0 the quadrature error is infinite. Despite this the eigenvalues of ĵ 2 in the direct-product DVR do converge to the correct values.
The Radau DVR includes one end point ͑ϭ0 or ͒ as well as interior points. Therefore the exact evaluation of the second term in this DVR contains a singular diagonal element for m 0. Nevertheless if this is replaced by an arbitrarily large value, the eigenvalues of ĵ 2 do converge. In fact, for even m and Nϩ1 DVR points, Nϩ1Ϫm eigenvalues of ĵ 2 are given exactly. The eigenvalues for odd mϾ1 converge rapidly, if from below. The convergence is slowest for m ϭ1.
In the even m blocks, the eigenvalues are exact as long as the orders of the corresponding associated Legendre polynomials are not higher than the highest order of the Legendre polynomials P j 0 (cos ) or the Radau functions corresponding to the DVR's. ͑The exact eigenfunctions are polynomials in cos which can be represented exactly to a given order.͒ For an N point Gauss-Legendre DVR this means all eigenvalues of ĵ 2 are exact for mϭ0, and Nϩ1Ϫm are exact for mϾ0. For the Radau DVR with Nϩ1 points, Nϩ1Ϫm eigenvalues are exact for even m. Some results are shown in Table I for both the Legendre and Radau bases.
The eigenvalues of the odd m blocks are not exact, however, since the exact eigenfunctions contain sin which cannot be represented exactly in the series in cos which the DVR's represent. However, the lower eigenvalues do converge to the exact values, with the higher m blocks converging more rapidly than mϭ1. As can be seen from Table I , convergence for odd m is much better for the Radau DVR than for the Gauss-Legendre DVR. In fact the Radau DVR is remarkably accurate with eight of the 25 eigenvalues being within 0.2% for mϭ1, and 18 of 25 within 0.1% for mϭ3 and 5.
For each odd m block, the eigenvalues converge with increasing size of the basis set. Although the convergence rate is slow, Table II demonstrates that even for the mϭ1 block the eigenvalues are converging to the exact values as TABLE III. Dissociation probabilities of H 2 ͑vϭ0, jϭ2, mϭ1͒ on Cu͑111͒ ͑the flat-surface model͒, where v is the vibrational quantum number and j and m are rotation and azimuthal quantum numbers. The initial wave packets are propagated on the DVR for the associated Legendre polynomials P j 1 (cos ), the DVR of the Legendre polynomials P j (cos ), and the DVR of Radau quadrature, respectively. The end point of Radau quadrature is chosen as 0.999 999 99. The results are compared with the time-independent S-matrix variational method from Ref. the size of the basis set increases, which means the matrix of ĵ 2 can be represented accurately in either direct-product DVR.
We now give a simple example using this representation in a 4D time-dependent scattering calculation, namely the dissociative adsorption of H 2 on Cu͑111͒ assuming the surface is not corrugated. Since the surface is flat, the azimuthal quantum number m is conserved, and the problem reduces to separate 3D problems for each m. Utilizing the split operator method, the Schrödinger propagation of the wave packet is usually expressed in a spherical harmonic basis as
ϫe ϪiV⌬ e Ϫi͑1/2r 2 ͒ ĵ 2 ͑ ⌬/2͒ e ϪiH 0 ͑⌬/2͒ ⌿͑t ͒ since ĵ 2 is diagonalized in this representation. However, no orthogonal transformation is available to convert the spherical harmonic basis to a localized representation in which the potential-energy surface V is diagonal. For the wave packet to be propagated exactly by the equation above ͑within the basis and the split exponential approximation͒, one would have to construct and diagonalize the potential matrix.
We now investigate the numerical behavior of the decoupling scheme for this scattering system. ͑It is one of the idealized models of the three-dimensional flat-surface H 2 /Cu(111) scattering previously studied by the S-matrix variational method. 11 The Hamiltonian for the initial states with a specific quantum number m is written as In Tables III and IV , we list the exact calculated dissociation probabilities from the variational S-matrix calculation of Sheng and Zhang 11 from the initial states ͑vϭ0, jϭ2, m ϭ1͒ and ͑vϭ0, jϭ2, mϭ2͒ together with results from the two DVR bases.
For the mϭ1 initial state, the associated Legendre basis gives a little better convergence than the DVR of the Legendre polynomials when 14 basis functions are included, while the two sets of results are essentially identical when the number of basis functions is increased to 20. Thus for gas-surface scattering, the rate of convergence is quite fast using the Legendre DVR even for mϭ1. The results of both DVR propagation calculations appear to be more accurate than the time-independent calculation for the very small dissociation probabilities. Even more impressive than the first example, there is essentially no difference between the associated Legendre basis and the DVR of the Legendre basis for the mϭ2 initial state with only 14 DVR points.
For a general diatomic molecule scattering on a surface ͑with corrugation͒, the wave-packet propagation can be expressed as ⌿͑tϩ⌬ ͒ϭe Note that transformations for between the Legendre function basis and the Gauss-Legendre DVR are required between the ĵ 0 2 terms and the ‫ץ‬ 2 ‫ץ/‬ 2 (m 2 ) terms. The transformations for between the Fourier basis and the DVR are required between the ‫ץ‬ 2 ‫ץ/‬ 2 terms and the V term ͑if V depends on ͒.
In the direct-product DVR basis functions of P j 0 (cos ) and periodic functions e im , we can retain the diagonal structure of the potential matrix as well as the accuracy of the split-operator propagation.
Furthermore, e
Ϫi(1/2r 2 ) ĵ 0 2 (⌬/2) and e i(1/2r 2 ) ϫ ͓1/(1Ϫcos 2 ‫ץ(͔)‬ 2 ‫ץ/‬ 2 )(⌬/2) are two sparse matrices with only one nondiagonal degree of freedom, or . Unlike other techniques involving a matrix multiplication in which both the and are nondiagonal, propagation in the present representations is much faster especially for heavy molecules with many rotational states. A 6D application to the problem of H 2 dissociative adsorption on corrugated Cu͑111͒ was recently published.
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The direct-product DVR for angles should be applicable to other problems with more coupled angular momentum operators.
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